studies is difficult because recombinations are rarely Linkage mapping generally localizes disease genes observed even within the large pedigrees that would to 1-to 2-cM regions of chromosomes. In theory, fur-be required for finer mapping of these loci (Boehnke, ther refinement of location can be achieved by popula-1994).
INTRODUCTION
ease locus. It is the method most commonly applied, although it is clear that other methods of disequilibLinkage or pedigree analysis remains the fundamen-rium mapping may make more efficient use of the data. tal paradigm by which genetic epidemiologists map loci For instance, Hill and Weir (1994) advance a maximum contributing to inherited disorders (Ott, 1991) . In fact, likelihood method for disequilibrium between two loci, numerous genes having a major effect on human dis-a disease locus and marker locus, assuming that the eases have been mapped to within 1 cM using such population itself is in a steady state of constant populaanalyses. Further refinement in location using family tion size and selective pressures (or neutrality). When these assumptions are met, their method will have 1 To whom correspondence should be addressed at current address:
tions. Again, this method depends on certain assump-rium mapping. Recombinant mapping places specific bounds on the location of the disease gene, whereas tions about the evolutionary process, specifically exponential growth and a single disease-producing chromo-simple disequilibrium mapping can indicate only the likely location of the gene. The precision of this likely some in the founding population, as well as knowledge of when the mutation first occurred. For a refinement location depends on evolutionary phenomena, as well as the locations of the marker loci relative to the disof this method, see Kaplan et al. (1995) . Regardless of the competing methods, simple disequilibrium map-ease locus (detailed below).
Clearly, if simple disequilibrium mapping is to be ping is a valid descriptive tool that molecular biologists frequently find useful for fine mapping.
useful, optimal strategies must be employed. One feature of the analysis that has not received much attenIndeed, the problem of refined mapping of a disease locus via linkage disequilibrium is not just of theoreti-tion is the measure of disequilibrium. Numerous measures of linkage disequilibrium have been devised over cal interest. It has proved valuable in some notable instances. In the most celebrated case, the cystic fibro-the past 60 years of population genetic research, none of which has been shown to be optimal for simple dissis gene was mapped using a combination of molecular and population genetic techniques, including linkage equilibrium mapping. Various measures have been used, and when two measures were compared (Jorde disequilibrium mapping (Kerem et al., 1989; Rommens et al., 1989; Riordan et al., 1989) . Ozelius et al. et al., 1994) , the conclusion was that they differed very little. (1992a,b) and Risch et al. (1991 Risch et al. ( , 1995 have recently narrowed the location of the torsion dystonia gene to
In this report, we discuss the fine-mapping properties of five commonly used measures of linkage disequia small region of chromosome 9 (9q34) using linkage disequilibrium mapping in the Ashkenazi Jewish popu-librium. We first elaborate the relationships between these measures of disequilibrium and their relationlation. Linkage disequilibrium mapping has also been employed to localize the gene for Friedreich Ataxia us-ships to other standard statistical quantities. We then show, via simple deterministic examples, analytic ing French Canadian, Italian, and Louisiana Acadian populations Hanauer et al., 1990 ; methods, and stochastic simulations, that the choice of linkage disequilibrium measure can have a substantial Richter et al., 1990; Pandolfo et al., 1990; Sirugo et al., 1992) , myotonic dystrophy using Caucasian popula-impact on the accuracy and interpretability of the simple disequilibrium mapping method. In what follows tions (Harley et al., 1991; Tsilfidis et al., 1991) , Lubag's disease using a Philippine population (Graeber et al., we restrict our discussion to marker loci having two alleles and a disease locus having two alleles, a ''dis-1992; Wilhelmsen et al., 1992) , diastrophic dysplasia (Hä stbacka et al., 1992 (Hä stbacka et al., , 1994 , and infantile neuronal ease'' and a ''normal'' allele. Thus the haplotypes for the disease locus and any single marker locus can be ceroid lipofuscinosis (Hellsten et al., 1993) using a Finnish population, Huntington disease using Cauca-arrayed in a 2 1 2 table. Even if the marker has more than two alleles, the association is usually with only sian populations (Huntington Disease Collaborative Research Group, 1993) , Wilson disease using various one (e.g., under complete disequilibrium), so marker alleles can be classified into two classes. The assumppopulations, including Caucasians (Petrukhin et al., 1993; Bowcock et al., 1994) , and polycystic kidney dis-tion of a single mutation at the disease locus is a far more important assumption. ease using a Scottish population (Snarey et al., 1994) . For marker loci, Jorde et al. (1994) found that linkage disequilibrium was an excellent predictor of physical
MEASURES OF LINKAGE DISEQUILIBRIUM
distance in the adenomatous polyposis coli region of chromosome 5 using a Caucasian population (see also Hedrick (1987) has reviewed the numerous measures of linkage disequilibrium. In his review, Hedrick dem- Daiger et al., 1989; Jorde et al., 1993) .
There are, however, reasons to be cautious about the onstrates the conditions under which the measures, or at least a subset thereof, are highly correlated. use of linkage disequilibrium for fine mapping. Weir (1989) and Hill and Weir (1994) have been pessimistic Consider two loci, each locus having two alleles: a disease allele and a normal allele segregate at the first about this technique because linkage disequilibrium is influenced by other phenomena besides recombination, locus, and two marker alleles segregate at the other locus. The layout and notation of the 2 1 2 table from namely mutation, drift, breeding system, and selection (Nei, 1987) . These population genetic phenomena can a sample from the population are given in Table 1 .
In Table 1 , n 11 is the number of haplotypes in the mask the impact of recombination, leading at the least to a large variance in the disequilibrium values among sample carrying the disease allele and marker allele A1, n 1/ is the number of haplotypes bearing the A1 loci (Weir, 1989; Hill and Weir, 1994) . At worst, it could result in no relationship or even a misleading relation-allele, n /1 is the number of haplotypes bearing the disease allele, and n is the total number of haplotypes ship between physical distance and linkage disequilibrium (Litt and Jorde, 1986; Thompson et al., 1988 ; Wal-sampled. Dividing these quantities by n yields the frequencies and marginal probabilities (denoted by p) ter and Cox, 1991).
In addition, recombinant mapping or linkage analy-from the sample ( Table 2) . Conditional probabilities are written similarly to the sis is fundamentally different from simple disequilib- 
where m ij is the expected number in cell ij. Another association measure that finds frequent use in epidemiology and has also been used to study linkage unconditional probabilities in Table 2 . For instance, disequilibrium in Levin's (1953) population attributthe probability of having allele A1 in the haplotype, able risk d*. This quantity is defined as given that the disease allele is present, is denoted p 1É/1 Å p 11 /p /1 . Likewise, the probability of having the nor- Naturally the p's are only sample estimates of some
, underlying unknown parameters, denoted by p's. We use p's in the definitions that follow, with the understanding that these unknown quantities are estimated where f Å {p 11 /p 1/ }/{p 21 /p 2/ }, the relative risk. An apfrom the observed sample quantities.
proximation for this measure of association or disequiThe basic component of many measures of disequilib-librium was first used in the population genetics conrium is the difference between the observed and the text by Bengtsson and Thomson (1981) Hill and Weir (1994) , the most frequently used measure of disequilibrium is the square of the (Levin and Bertell, 1978 Ozelius et al. (1992a,b) and Risch et al. (1991 Risch et al. ( , 1995 for simple disequilibrium mapping. Most recently it has been rederived and used for dis-
equilibrium mapping by Lehesjoki et al. (1993) , who referred to it as P excess , and by Terwilliger (1995) , who referred to it as l; however, these measures are or D
2
. D is commonly squared to remove the arbitrary simply d. sign introduced when the marker alleles are labeled.
The measure d* is not entirely new to population Another common measure, introduced by Lewontin genetics. In fact, when the disease is rare and haplo- (1964) , is defined as types are sampled at random, 
The quantity in the denominator is the absolute maximum D that could be achieved given the table margins.
These measures are related to standard statistical simple disequilibrium mapping. However, we illustrate Another epidemiologic measure (Nei and Li, 1980) , by some deterministic examples, analytic results, and which was specifically recommended for disequilibrium evolutionary simulations that this is not the case. In mapping when case-control sampling is employed our examples we assume that the two haplotypes for (Kaplan and Weir, 1992) is the difference in propor-each individual can be determined (as, for example, tions d for a recessive disease or for multiplex families with a dominant disease). However, our conclusions also apply to the more general situation.
THE PERFORMANCE OF LINKAGE DISEQUILIBRIUM MEASURES FOR SIMPLE FINE MAPPING
Other natural epidemiologic measures, again robust to Deterministic Calculations case-control sampling, have found some use in population genetics, specifically the odds ratio l and Yule's Predicted patterns in populations. Imagine there (1900) Q (e.g., Clegg et al., 1976; Nei and Li, 1980 ; are 50 founders of a new population. One individual Olson and Wijsman, 1994) . Recall that carries a dominant disease allele D at a locus of interest. On the chromosome bearing the disease locus, let there be three biallelic markers on each side of the disease locus, and one biallelic marker at the disease l Å p 11 p 22 p 12 p 21 locus itself (M 0 ). The two markers adjacent to the disease locus are equidistant from it (denote them M 1 and M 1= ), the next furthest pair are also equidistant from and therefore ranges from zero to infinity, while the disease locus (M 2 and M 2= , keeping the ''primes'' on the same side), and likewise for the furthest markers (M 3 and M 3= ). Because the pairs are equidistant from
the disease locus, the recombination rates between disease locus and marker are assumed to be equal; define them to be u 1 Å u 1= Å 0.002, u 2 Å u 2= Å 0.007, and u 3 Å u 3= Å 0.012. In the population, let the allele frequency ranges between negative one and one. The last expression for Q shows its relationship to d. In fact, the nu-vectors for these seven markers, from M 3 to M 3= , be (0.25, 0.75), (0.5, 0.5) and let the first value in each tuple correspond to the frequency of the marker allele carried on the chromosome bearing the disease allele.
Assume that the allele frequencies of the markers and the disease locus remain relatively stable from generation to generation. However, after the initial appearance of the disease allele, recombination erodes the disequilibrium between the disease allele and the marker alleles. At founding, or generation t Å 0, the joint frequency of the disease allele and the ''leading'' marker allele (i.e., the first allele at each locus) is 0.01. When we sample this population at t Å 100 generations, the expected frequencies of disease chromosomes bearing the original marker alleles are, from M 3 to M 3= , 0.0047, 0.0075, 0.0086, 0.01, 0.0091, 0.0062, and 0.0065.
Notice that the pairs of equidistant markers do not have equal joint frequencies of disease allele and marker alleles even though their recombination rates are the same and, initially, the joint frequencies are equal. This is because, at a given locus, recombination need not generate a new haplotype. The rate at which recombination generates new haplotypes depends on marker allele frequencies, which are not equal for the equidistant markers even in the founding generation. Consider a marker locus M i at generation t Å 0. The joint frequency of disease allele D and marker allele 1 is given by p (tÅ0) 11 D tÅ100 . All joint frequencies for our example can be calculated in this fashion. These differences between frequencies, for both ( Fig. 1, bottom) . In this case, it would be difficult to define even a region to search for the disease locus if marker alleles and joint frequencies of disease and the researcher uses D or d as the measure of disequilibmarker alleles, are important for fine mapping. As rium. D and d place the disease locus in the approHedrick (1987) emphasized, measures of disequilibpriate location, although the peak itself is little differrium such as D can be difficult to interpret when loci entiated from other locations. Q shows behavior similar differ in their allele frequencies. Other measures, such to that of D and d in that its maximum is the same; as D and d, are more easily interpreted. Furthermore, however, Q has another peak at the extreme left the ability to determine correctly the location of the marker and it also has other asymmetries such as the disease locus from the pattern of disequilibrium values ''right shoulder.'' From these examples, it should be depends on the measure used. For example, consider clear that the choice of disequilibrium measure can be the disequilibrium values from our population at generimportant for simple disequilibrium mapping. ation t Å 100 (Fig. 1, top) . The maximum for D and d
To see why this is so, recall the expression for disare not at the disease locus, but at an adjacent marker.
equilibrium at generation n, D n Å (1 0 u) n D 0 . Ideally (To make the measures comparable in Fig. 1, D and d we desire a measure that is a function of u only, for have been rescaled by multiplying the set of values for instance each measure and scenario by a constant.) In addition, these disequilibrium measures yield multimodal patterns of disequilibrium. By contrast, d and D exhibit
(
. almost identical behavior: they are unimodal and essentially symmetric and their maximum is at the disease locus. Finally, Q has a maximum at the appro-Our rationale for the denominator of this expression is priate location, but it shows marked deviation from as follows. Under the assumption of initial complete symmetry.
linkage disequilibrium and no change of disease allele If we examine the population in an early generation, frequency over time, p 11 / p 21 Å p /1 is the best estimate in generation n of the initial disease allele frequency say (t Å 5), the results would be even more dramatic Other measures, such as D, are also proportional to also reveals a dependence on haplotype frequencies. u, at least under certain circumstances. To illustrate The coefficient of Q potentially ranges between (0, ϱ), the behavior of the five measures, we first use deteralthough extreme values occur only when the unassoci-ministic calculations similar to our first example. All ated marker allele frequency is small. calculations are based on complete disequilibrium beThe relationship between d and u can be deduced tween a disease allele (occurring with frequency 0.01) from the relationship between d and u because d Å p 22 d/ and marker allele at generation 0, which breaks down p /2 and therefore over 100 generations by recombination alone. The results (Table 4) at generation 100 reveal the sensitivity of D, Q, and d to haplotype and marker allele frequency (1 0 u) n Å dp p* /1 /p /1 is a convenient means of expressing the effect Impact of Stochastic Factors of such case-control sampling on the relative frequencies in a 2 1 2 table (Table 5 ). When we discuss caseWe examined the impact of evolutionary forces by control sampling, we take c Å 50 and p /1 Å 0.01. This simulation of short-term population evolution. Details sampling yields equal numbers of disease and normal of the simulations are given in the Appendix. In brief, chromosomes, analogous to the typical strategy for each population initially consisted of 2000 chromocase-control studies.
somes (i.e., 1000 individuals), which then grew over Whereas haplotype frequencies change, d and Q are 100 generations to a size of 100,000 chromosomes. Popunaffected by case-control sampling. This invariance ulation expansion occurred at a constant exponential follows formally from the fact that both measures are rate. Recombination occurred at random, as did reprofunctions of the odds ratio, which is invariant to case-duction. No mutation occurred. control sampling (Edwards, 1963) . Likewise, d is also
To examine systematically the impact of variation in unaffected by case-control sampling, as can be seen by marker allele frequencies, we simulated populations of substituting the adjusted haplotype frequencies (Table chromosomes having three marker loci, at distances u 5) into the equations for d.
Å 0.001, 0.004, 0.007 from the disease locus. Initial The other two measures are affected by case-control marker allele frequencies were either of three values, sampling in some way. We examined the effect of case-0.1, 0.5, 0.9, and all possible combinations of those valcontrol sampling on the pattern of disequilibrium ues for different loci were examined (i.e., 27 sets). For across marker loci by supposing that a grid of markers each combination of marker allele frequencies, 80 popusurround the disease locus and the marker allele fre-lations were simulated. The initial disease allele frequencies vary systematically between 0.083 and 0.917. quency was set to 0.01; if the frequency of this allele Other attributes are identical to those used to develop dropped below 0.005 during any generation, the simu- Table 4 , except that c Å 50 (Table 5 ), so that equal lation was reinitialized at generation zero. Marker alnumbers of disease and normal haplotypes are ob-lele frequencies were allowed to go to zero (rarely ocserved. curred), in which case the locus was ignored as it was For D, the pattern is frequently multimodal and, for not polymorphic. small (õ0.1) marker frequencies, the maximum disTwo types of data were examined from each populaequilibrium need not occur at the proximate marker tion: the disequilibrium pattern for the population as locus (data not shown). These results are quite differ-a whole (population pattern) and the disequilibrium ent from our results for random sampling, in which the pattern for case-control sampling (with c Å 50, in expecpattern was always unimodal with a maximum at the tation); specifically, 200 disease chromosomes and 200 proximate locus. The impact of case-control sampling normal chromosomes were sampled. We recorded, for on D is mediated, in large part, through the choice of each set of allele frequencies, the fraction of the time denominator. (Recall that the relationship between D the nearest marker exhibited the greatest disequiliband u depends critically on which of two terms is the rium and the mean square error (MSE), computed as minimum.) For case-control sampling, the denominator the sum of the squared recombinational distance beof D is the tween the disease locus and the marker exhibiting maximum disequilibrium between it and the disease locus. Ideally the MSE would be (0.001) 2 Å 1E 0 6,
ͮ , which would occur if the nearest locus always exhibited maximum disequilibrium. MSE is an appropriate measure of variability in this instance because it naturally incorporates both variance and any bias into a single and the first expression is the minimum if cp 12 0 p 1É/2 (1 0 cp 1/ ) ú 0. This expression, which parallels that statistic.
The simulation results agree with the deterministic found for random sampling, can be greater than zero calculations in terms of the average performance over that both measures should be unaffected by the magnitude of marker allele frequencies, whereas the simulaall sets of allele frequencies. For the population pattern, the nearest marker locus exhibited the greatest tions clearly show that the performance of these measures for simple disequilibrium mapping also changes disequilibrium the highest fraction of times with both d and D (83.5%), followed by Q (81.2%), then d (52.9%), with the configuration of allele frequencies (Table 6) .
These measures are most affected when the frequency and finally D (48.3%). MSE shows the identical pattern, with both d and D having the smallest MSE of an associated marker allele is large. For instance, when the associated allele frequency configuration was (4.94E-6), followed by Q (5.17E-6), then d (1.38E-5), and finally D (1.55E-5). Taking the square root of the 0.9, 0.9, 0.1 for furthest to nearest markers, the largest disequilibrium value occurred for the proximate MSE, we have 0.0022, 0.0023, 0.0037, and 0.0039, respectively. (Recall that MSE emphasizes occasional marker only 62.5% of the time (population patterns) and the MSE was 9.1E-6. Conversely, when the associlarger deviations relative to a measure such as the average absolute deviation.) ated allele frequency configuration was 0.1, 0.1, 0.1, the largest disequilibrium value occurred for the proximate For case-control sampling, d outperforms all other measures in terms of the pattern of maximum disequi-marker 96.25% of the time (population pattern) and the MSE was 2.0E-6. librium and MSE (81.2% and 5.39E-6), followed by D (78.1% and 6.55E-6), Q (76.6% and 6.79E-6), D (55.1%
Most of this behavior is attributable to the variance in d and D. Because these measures are essentially and 1.29E-5), and d (52.8% and 1.39E-5). Taking the square root of the MSE yields 0.0023, 0.0026, 0.0026, identical under many circumstances, we discuss only d. The asymptotic standard error for log(1 0 d) is 0.0036, and 0.0037, respectively. Note that, as predicted by the deterministic calculations, the performance of d and D are now distinct and that the perfor-
mance of D improves with case-control sampling, relative to the population patterns. Moreover, because we sampled a relatively large number of haplotypes (200 (Walter, 1975) , and therefore the asymptotic standard disease, 200 normal), the impact of sampling error per error of d increases as the unassociated marker allele se is small. Naturally smaller sample sizes will infrequency, p 2/ , tends toward zero. While we are less crease the MSE of simple disequilibrium mapping.
interested in statistical sampling than in genetic samSubstantive patterns are hidden by these data sumpling (sensu Weir, 1990) , genetic sampling can be maries. As demonstrated by the deterministic calculathought of as repeated statistical sampling. Therefore, tions, the poor performance of D and d is due to a bias the sensitivity of d to the unassociated allele frequency, involving the magnitude of allele frequencies. Large as revealed by the formula for its asymptotic standard disequilibrium values are associated with small allele error variance formula, is pertinent. frequencies and vice versa; thus, both measures, when
In another set of simulations, we allowed initial used for simple disequilibrium mapping, frequently marker allele frequencies to vary at random between cause it to be an inconsistent estimator of the marker the limits 0.15 and 0.85 and specified seven marker nearest the disease locus (i.e., the estimator does not loci with recombination, relative to the disease locus of converge to the true answer as the sample size tends 0. 009, 0.006, 0.003, 0, 0.003, 0.006, 0.009 . Other simuto infinity). However, this bias could also fortuitously lation conditions were the same as those described prework in the investigator's favor. For instance, when the viously, except that 200 populations were simulated. nearest marker's associated allele frequency is small, In this case, the largest disequilibrium value for d, D, and other associated marker allele frequencies are and Q always occurred at the disease locus for both the much larger, the proximate marker will almost invaripopulation and the case-control sampling scenarios. ably show a large disequilibrium value using either For D, the largest disequilibrium value occurred with D or d. For the simulations, when associated allele the proximate marker 44% of the time for the populafrequencies for furthest to nearest markers were inition and 54.5% of the time for case-control sampling. tially set to 0.5, 0.9, 0.1, the largest disequilibrium For d, the largest disequilibrium value occurred with value occurred at the proximate marker 100% of the the proximate marker 47% of the time for the populatime (population level). Alternatively, for the configution and 48% of the time for case-control sampling. ration 0.9, 0.1, 0.9, the largest disequilibrium value never occurred at the proximate marker for either mea-DISCUSSION sure. The bias is illustrated in Table 6 , which presents the results for case-control sampling only.
Q shows behavior similar to that of D and d. As the At the instant a new ''disease'' mutation occurs, the disease allele is associated with alleles at other polydeterministic calculations suggest, however, it is less sensitive to the magnitude of marker allele frequencies morphic loci in the region. In particular, the disease locus is in complete linkage disequilibrium (Clegg et ( Table 6 ). The behavior of d and D in the stochastic simulations deviate somewhat from the deterministic al., 1976) with other loci in the region. When it is reasonable to assume that the disease locus was initially calculations. The deterministic calculations suggest Two statistics are presented: the fraction of times out of 80 the nearest marker exhibited maximum disequilibrium and, in parentheses, the mean-square error times 10 6 . Ideally, (10 6 ) MSE would equal 1.0 because the recombinational distance between the disease locus and the nearest marker was .001. in complete disequilibrium with other nearby marker Jorde et al. (1994) used D to examine the relationship between linkage disequilibrium and physical distance loci, our analyses suggest that d, the robust version of the population attributable risk, is the best measure of in the adenomatous polyposis coli region. In that study, D was also examined but the results were not redisequilibrium for simple fine mapping. From deterministic calculations, it is clear that d is directly related ported; nevertheless, they did report that the values for D exhibited a pattern similar to those using D. It to u, the recombination fraction. It is also most closely related to u for simulations of short-term evolution. is important to note, however, that the similarity is most likely due to the striking similarity of allele freUnder a more limited set of circumstances, Lewontin's D yields results comparable to d. The fact that the two quencies at the different marker loci rather than to the inherent features of the measures. measures behave so similarly, at least under random sampling, is hardly surprising because we have shown
The short-term evolutionary simulations that we performed make it clear that forces such as drift, as that the two are equivalent when the disease is uncommon and marker frequencies are relatively more com-well as random recombination, influence the relationship between linkage disequilibrium and u. As shown mon in the population. An important caveat is that the measures are not equal when the study, by design, by Hill and Weir (1994) for steady-state populations, it is apparent that drift can obscure the predicted relaemploys case-control sampling.
Alternatively, D and d are useful only for simple tionship between recombination fraction and disequilibrium that is critical for simple disequilibrium mapdisequilibrium mapping when marker allele frequencies vary very little from locus to locus, a circumstance ping. In this regard, the MSE statistics from the evolutionary simulations provide a ballpark estimate of the unlikely to exist in general. Q is a better measure to use, at least relative to D and d. Nevertheless, like D magnitude of error that could be incurred by using simple disequilibrium mapping. However, as we have and d, marker allele frequency variation across loci has a substantial impact on the pattern of disequilibrium shown, the performance of simple disequilibrium mapping is affected by variation in marker allele frequenvalues, especially when some marker allele frequencies are small.
cies and by the configuration of markers surrounding the disease locus. Undoubtedly, the MSE is also af-vation that p 11 Å 0.01 and p 21 Å 0 under complete dis
